Polynomial Invariants for SU(2) Monopoles by Labastida, J. M. F. & Mariño, M.
ar
X
iv
:h
ep
-th
/9
50
71
40
v3
  2
3 
N
ov
 1
99
5
US-FT/21-95
hep-th/9507140
October, 1995
Revised version
POLYNOMIAL INVARIANTS FOR SU(2) MONOPOLES
J.M.F. Labastida
⋆
and M. Marin˜o
†
Departamento de F´ısica de Part´ıculas
Universidade de Santiago
E-15706 Santiago de Compostela, Spain
ABSTRACT
We present an explicit expression for the topological invariants associated to
SU(2) monopoles in the fundamental representation on spin four-manifolds. The
computation of these invariants is based on the analysis of their corresponding
topological quantum field theory, and it turns out that they can be expressed in
terms of Seiberg-Witten invariants. In this analysis we use recent exact results on
the moduli space of vacua of the untwisted N = 1 and N = 2 supersymmetric
counterparts of the topological quantum field theory under consideration, as well
as on electric-magnetic duality for N = 2 supersymmetric gauge theories.
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1. Introduction.
Recently, there has been a great progress in the understanding of the non-
perturbative aspects of N = 1 [1-5] and N = 2 [6, 7] supersymmetric gauge
theories in four dimensions. On the one hand, holomorphy constraints and non-
perturbative non-renormalization theorems have allowed to obtain exact results for
the behavior of the N = 1 superpotentials present in a wide class of models. On
the other hand, exact results on the quantum moduli space of vacua and on the
low-energy effective actions ofN = 2 supersymmetric Yang-Mills theory andN = 2
supersymmetric QCD have been obtained. These achievements have provided an
explicit realization of electric-magnetic duality.
One of the most remarkable applications of the exact solution of N = 2 pure
Yang-Mills theory has been the reformulation in [8] of Donaldson theory [9, 10,11]
with gauge group SU(2). It is by now well-known [12] that Donaldson theory can be
formulated as a certain twisted version of N = 2 Yang-Mills theory. Using electric-
magnetic duality of this model one can obtain an equivalent theory which involves
an abelian connection coupled to matter in a pair of monopole equations. The new
moduli problem is much more tractable than the original one, and it turns out
that the Donaldson polynomial invariants [10] can be expressed in terms of certain
topological invariants associated to the abelian theory and called Seiberg-Witten
invariants. The topological quantum field theory associated to this new moduli
space has been constructed in [13] using the Mathai-Quillen formalism. Donaldson
invariants for Ka¨hler manifolds were computed previously by Witten in [14]. He
showed that on a Ka¨hler manifold it is possible to obtain a topological symmetry
for the N = 2 Yang Mills theory which comes from an N = 1 subalgebra in such a
way that the topological character is preserved after perturbing the original theory
with an N = 1 supersymmetric mass term. The resulting N = 1 theory reduces
at low energies to the N = 1 pure Yang-Mills theory and therefore one can use
the results about its vacuum structure [15] to compute the correlation functions.
The same procedure has been applied in [16] to compute the partition function of
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N = 4 Yang-Mills theory on a Ka¨hler manifold.
The monopole equations proposed in [8] have a natural non-abelian general-
ization which appears in topological quantum field theories involving the minimal
coupling of Donaldson-Witten theory to a twisted N = 2 matter multiplet. These
theories were constructed in [17,18,19], and related, more general topological quan-
tum field theories have been analyzed in [20]. The non-abelian monopole equations
were studied in [21] as a generalization of Donaldson theory on four-manifolds, and
the corresponding topological quantum field theory was constructed in geometri-
cal terms using the Mathai-Quillen formalism. Other studies of these equations
can be found in [20,22]. U(N) monopole equations have been considered from a
mathematical point of view in [23, 24], where their relation to vortex equations on
Ka¨hler manifolds [25, 26] is stressed.
The aim of the present paper is to compute the topological correlation func-
tions of the topological field theory associated to SU(2) monopoles in the funda-
mental representation of the gauge group. This gives, as in the Donaldson-Witten
case, topological invariants which are polynomials in the two-dimensional and four-
dimensional cohomology of the moduli space. The strategy of the computation is
the following. First we will show that the topological field theory introduced in
[21] is equivalent to a twisted N = 2 supersymmetric Yang-Mills theory coupled
to one matter hypermultiplet, and that on a Ka¨hler manifold one can obtain a
topological symmetry coming from a N = 1 subalgebra, extending in this way the
result of [14] for pure N = 2 supersymmetric Yang-Mills. This makes possible to
compute in the N = 1 theory obtained after perturbing with a mass term. The
vacuum structure of the resulting theory is obtained using the low-energy descrip-
tion of the N = 2 theory in [7]. The computation of the polynomial invariants
is performed on a Ka¨hler manifold following the procedure in [14]. Then we will
use electric-magnetic duality of the N = 2 theory and the results of [8] to obtain
a general expression for spin manifolds. This expression can be written in terms
of Seiberg-Witten invariants, as one should guess from the analysis in [7]. There-
fore, Seiberg-Witten invariants seem to underlie the moduli space of anti-self-dual
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(ASD) SU(2) instantons as well as the moduli space of SU(2) monopoles.
The paper is organized as follows. In sect. 2 we review the construcion of [21]
and we relate it to the standard topological twisting of N = 2 supersymmetric
QCD. In addition, we present the observables of the theory, we perform the twist
on a Ka¨hler manifold, and formulate the perturbed theory. In sect. 3 the vacuum
structure of the N = 2 and N = 1 theory is analyzed and we obtain the symmetry
patterns needed in our computations. In sect. 4 we compute the polynomial in-
variants, first from the N = 1 point of view on a Ka¨hler manifold, and then using
electric-magnetic duality and the low-energy structure of the N = 2 theory on a
general spin manifold. In sect. 5 we consider the twisted N = 2 supersymmetric
QCD theory with a massive hypermultiplet, and we obtain the vacua of the per-
turbed N = 1 supersymmetric theory in order to support the previous analysis. In
sect. 6 we state our conclusions and prospects for future work. The first appendix
contains some observations about the parity symmetry of the N = 2 theory. Fi-
nally, in the second appendix we rederive the results about the vacuum structure
of the N = 1 theory from its exact superpotential.
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2. Non-abelian monopoles
In this section we will make a brief presentation of the non-abelian monopole
equations and their corresponding topological quantum field theory. We refer the
reader to [21] for the details of the construction. In addition, we will discuss how
this theory can be regarded as a twisted version of N = 2 non-abelian Yang-Mills
theory coupled to a massless N = 2 matter hypermultiplet. Finally we will consider
the theory on a Ka¨hler manifold, and we will show how in this case the theory can
be perturbed generating an N = 1 supersymmetric mass term while preserving the
topological character of the theory.
2.1. Non-abelian monopole equations
Let X be an oriented, compact, spin four-manifold endowed with a Riemannian
structure given by a metric g. We will restrict our analysis to spin manifolds
since the arguments used in the following sections are only valid for this type
of manifolds. The generalization of the non-abelian monopole equations for other
manifolds can be done using a Spinc structure. Work in this direction has appeared
recently [23,22]. The positive and negative chirality spin bundles of X will be
denoted by S+ and S−, respectively. Let P be a principal fibre bundle with
some compact, connected, simple group G, and let E be an associated vector
bundle to the principal bundle P via a representation R of G. The Lie-algebra
associated to G will be denoted by g. Given this data we will consider the field
space M = A × Γ(X,S+ ⊗ E), where A is the space of G-connections on E,
and Γ(X,S+ ⊗ E) is the space of positive-chirality spinors taking values in this
representation space. The group G of gauge transformations of the bundle E acts
locally on the elements of M in the following way:
g∗(Aµ) = −igdµg−1 + gAµg−1,
g∗(Mα) = gMα,
(2.1)
where A ∈ A, M ∈ Γ(X,S+ ⊗ E), and g takes values in the representation R of
the group G. Notice that in (2.1) while µ is a space-time index, α is a positive-
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chirality spinor index. In this paper we use the same notation as in [21] where the
index conventions are described in detail. In terms of the covariant derivative dA =
d+ i[A, ], the infinitesimal form of the transformations (2.1) can be considered as
a linear operator:
C(φ) = (−dAφ, iφM) ∈ Ω1(X, gE)⊕ Γ(X,S+ ⊗E), φ ∈ Ω0(X, gE). (2.2)
being φ such that g = exp(iφ). Let us consider a trivial vector bundle V over M
with fibre F = Ω2,+(X, gE)⊕ Γ(X,S−⊗E), where the self-dual differential forms
take values in the Lie-algebra representation, gE , associated to R. The non-abelian
monopole equations define a moduli space which is the zero locus of a section on
this bundle, s : M −→ V. Actually, due to the presence of the gauge symmetry
(2.1) one must account for the action of the gauge group G in both,M and V. One
must therefore consider the associated section sˆ : M/G −→ V/G. The resulting
moduli space will be denoted by MNA.
We will restrict ourselves to the case G = SU(N) and R its fundamental
representation, R = N. The generalization of the monopole equations to other
simple gauge groups and other representations is straightforward. The non-abelian
monopole equations take the form [21]:
F+ijαβ +
i
2
(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β)) = 0,
(Dαα˙M
α)i = 0,
(2.3)
where F+ijαβ are in the fundamental representation, i.e., F
+ij
αβ = F
+a
αβ (T
a)ij , being
T a, a = 1, . . . , N2−1, the generators of the Lie algebra in the representation N. In
the first equation of (2.3) (and similar ones in this paper), a sum in the repeated
index k is understood. The second equation in (2.3) is simply the Dirac equa-
tion with the Dirac operator coupled to the gauge connection in the fundamental
representation.
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The section of the bundle V, s : M −→ V, corresponding to (2.3) has the
following form:
s(A,M) =
( a√
2
(
F+ijαβ +
i
2
(M
j
(αM
i
β) −
δij
dR
M
k
(αM
k
β))
)
, (Dαα˙M
α)i
)
, (2.4)
where a is complex number different from zero. This number a was taken to be
one in [21] because then certain useful vanishing theorems can be utilized, as first
shown in [14] for the abelian case. As it will be dicussed below, the observables of
the topological quantum field theory associated to the section (2.4) are independent
of the value chosen for a as long as a 6= 0.
Some aspects of the moduli space of solutions of the non-abelian monopole
equations (2.3) modulo gauge transformations have been studied in [21]. In par-
ticular, the virtual dimension of this moduli space, dimMNA, turns out to be:
dimMNA = dimMASD+2 indexD = (4N−2)c2(E)−N
2 − 1
2
(χ+σ)− dR
4
σ, (2.5)
where χ and σ are the Euler characteristic and the signature, respectively, of the
manifold X , and c2(E) is the second Chern class of the representation bundle
and equals the instanton number k. In (2.5) MASD denotes the moduli space of
anti-self-dual (ASD) instantons and dimMASD its virtual dimension,
dimMASD = 4N c2(E)− (N2 − 1)(χ+ σ)/2, (2.6)
which is the index of the ASD complex:
0 −→ Ω0(X, gE) dA−→ Ω1(X, gE) p
+dA−→ Ω2,+(X, gE) −→ 0. (2.7)
indexD denotes the index of the Dirac operator coupled to the connection on E ,
which is given by:
indexD =
∫
X
ch(E)Aˆ(X) = −N
8
σ − c2(E). (2.8)
Notice that on a four-dimensional spin manifold the index of the Dirac complex
is given by −σ/8, and is always an integer. Therefore σ ≡ 0 mod 8. Also notice
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that on a four-dimensional Ka¨hler manifold
χ+ σ = 2− 2b1 + b+2 = 4(1− h1,0 + h2,0), (2.9)
where b1 is the first Betti number, b
+
2 is the dimension of H
2,+(X), and h1,0, h2,0
denote Hodge numbers. Therefore, on a Ka¨hler manifold, the quantity
∆ =
χ+ σ
4
, (2.10)
is always an integer.
When dealing with moduli spaces associated to the solutions of certain equa-
tions, as it happens in our case, one must require certain conditions in order to
have a well defined moduli problem. These requirements concern the orientability
of the moduli space (which is equivalent to require that the corresponding topolog-
ical field theory does not have global anomalies) and the free action of the group
of gauge transformations on the space of solutions. As it was argued in [21], these
conditions are fulfilled in the non-abelian monopole problem as long as they are
fulfilled in the Donaldson theory with the same gauge group. In our case we are
concerned with SU(2), and the corresponding conditions reduce to b+2 > 1. In the
following we will suppose that this condition holds for our four-dimensional spin
manifold X . On a Ka¨hler manifold, b+2 = 2h
2,0 + 1 and the above condition is
equivalent to H2,0(X) 6= 0.
In [21] a preliminary analysis of the moduli space of solutions of the SU(N)
monopole equations on compact Ka¨hler manifolds was done. This moduli space
has three branches: one of them corresponds to M = 0 and is the moduli space of
ASD instantons of Donaldson theory, which is thus contained in dimMNA. The
second branch corresponds to pairs consisting of an equivalence class of holomor-
phic Sl(N,C) bundles together with a holomorphic section of K1/2 ⊗ E modulo
Sl(N,C) gauge transformations. The third branch is similar to the second branch,
but we must consider instead holomorphic sections of K1/2 ⊗ E. In addition we
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need some stability conditions for the pair in order to guarantee the existence of
solutions. These stability conditions have an algebraico-geometric character and
appear in the Hermite-Einstein equations [27], in the Hitchin equations on Rie-
mann surfaces and in the vortex equations [25, 26]. The non-abelian monopole
equations on a Ka¨hler manifold with gauge group SU(N) are closely related to
vortex equations where, as we are taking the tensor product of the original bundle
E or its conjugate with K1/2, the resulting bundle has a fixed determinant. This
situation has been analyzed in [24] where the corresponding stability condition
has been obtained. Further work on the relation between non-abelian monopole
equations and the vortex equations will appear elsewhere [29].
The topological action corresponding to the moduli problem leading to MNA
was constructed in [21] using the Mathai-Quillen formalism. In order to present
the form of this action we need to introduce first a variety of fields. Let (ψ, µ)
be an element of the tangent space to the moduli space M at the point (A,M),
(ψ, µ) ∈ T(A,M)M = TAA ⊕ TMΓ(X,S+ ⊗ E) = Ω1(X, gE) ⊕ Γ(X,S+ ⊗ E),
and let φ be an element of Ω0(X, gE), φ ∈ Ω0(X, gE). The fields (A,M), (ψ, µ)
and φ have ghost numbers 0, 1 and 2, respectively. Associated to the fiber F we
introduce fields (χ, vα˙) ∈ F = Ω2,+(X, gE) ⊕ Γ(X,S− ⊗ E), with ghost number
−1. In addition, fields λ and η in Ω0(X, gE) with ghost number −2, and −1,
respectively, as well as an auxiliary sector made out of ghost-numer zero fields
(H, h) ∈ Ω2,+(X, gE) ⊕ Γ(X,S− ⊗ E) are introduced. All fields with even ghost
number are commuting while the ones with odd ghost number are anticommuting.
The topological action can be written very simply with the help of the BRST
symmetry present in the formalism. Under this symmetry the fields of the theory
transform in the following way:
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[Q,A] = ψ,
{Q,ψ} = dAφ,
[Q, φ] = 0,
{Q, χµν} = Hµν ,
[Q,Hµν ] = i[χµν , φ],
[Q, λ] = η,
[Q,M iα] = µ
i
α,
{Q, µiα} = −iφijM jα,
{Q, viα˙} = hiα˙,
[Q, hiα˙] = −iφijvjα˙,
{Q, η} = i[λ, φ].
(2.11)
This symmetry closes up to a gauge transformation (2.1) generated by the field
−φ. As anticipated, the action is written as a Q-exact expression:
S =
{
Q,
∫
X
e
[
iχαβji
( a√
2
(
F+ijαβ +
i
2
(M
j
(αM
i
β) −
δij
dR
M
k
(αM
k
β))
)− i
4
Hαβ
)
+
i
2
(v¯α˙Dαα˙M
α +M
α
Dαα˙v
α˙) +
1
8
(v¯α˙hα˙ − h¯α˙vα˙)
+ iTr(λ ∧ ∗d∗Aψ) +
1
2
(µ¯αλMα −Mαλµα)
]}
= S0 + SM
(2.12)
where,
S0 =
∫
X
{
e
[ ia√
2
HαβjiF+ijαβ −
ia√
2
Tr
(
χαβ(p+(dAψ))αβ
)
+
1
4
Tr(HαβHαβ)− i
4
Tr(χαβ [χαβ , φ])
]
− Tr(− iη ∧ ∗d∗Aψ − iλ ∧ ∗d∗AdAφ− λ ∧ ∗[∗ψ, ψ])}
(2.13)
and,
SM =
∫
X
e
[ −a
2
√
2
Hαβji(M
j
(αM
i
β) −
δij
N
M
k
(αM
k
β))
− a√
2
(µ¯αχ
αβMβ −Mαχαβµβ) + i
2
(h¯α˙Dαα˙M
α +M
α
Dαα˙h
α˙)
− i
2
(v¯α˙Dαα˙µ
α − µ¯αDαα˙vα˙)− 1
2
(M
α
ψαα˙v
α˙ − v¯α˙ψαα˙Mα)
− 1
2
(µ¯αηMα +M
α
ηµα)− (µ¯αλµα − i
2
M
α{φ, λ}Mα)
+
1
4
(h¯α˙hα˙ + iv¯
α˙φvα˙)
]
.
(2.14)
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The action S0 is the one corresponding to Donaldson-Witten theory. Its observables
lead to standard Donaldson invariants. The action SM contains the ‘matter fields’
and their couplings to Donaldson-Witten theory. The observables associated to
the total action S lead to new topological invariants. Notice that the coefficient
a enters in (2.12) multiplying a Q-exact term. This means that any variation in
a is Q-exact and therefore, using standard arguments [12], the observables of the
theory are independent of a as long as a 6= 0. In the rest of this subsection we will
take a = 1.
The action S0 differs from the one in [12] by a term of the form:
{
Q,
∫
X
eTr(λ[η, φ])
}
. (2.15)
This term appears naturally when Donaldson-Witten theory is regarded as a twist
of N = 2 supersymmetry, but its presence is rather unnatural from the point of
view of the Mathai-Quillen formalism. However, being a Q-exact term involving
products of fields, the observables of the theory do not depend on it.
After integrating out the auxiliary fields Hαβ and hα˙ in the action (2.12) one
finds the on-shell action given in [21] (recall that we set a = 1):
S˜ =
∫
X
e
[
gµνDµM
α
DνMα +
1
4
RM
α
Mα +
1
2
Tr(F+αβF+αβ)−
1
8
(M
(α
T aMβ))(M (αT
aMβ))]
+
∫
X
Tr
(
η ∧ ∗d∗Aψ −
i√
2
χαβ(p+(dAψ))αβ − i
4
χαβ[χαβ , φ] + iλ ∧ ∗d∗AdAφ+ λ ∧ ∗[∗ψ, ψ]
)
+
∫
X
e
(
− iMα{φ, λ}Mα + 1√
2
(Mαχ
αβµβ − µ¯αχαβMβ)− i
2
(v¯α˙Dαα˙µ
α − µ¯αDαα˙vα˙)
− 1
2
(M
α
ψαα˙v
α˙ − v¯α˙ψαα˙Mα)− 1
2
(µ¯αηMα +M
α
ηµα) +
i
4
v¯α˙φvα˙ − µ¯αλµα
)
.
(2.16)
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2.2. Observables
The observables of the theory are those operators in the cohomology of Q.
From the transformations (2.11) follow that the observables in the ordinary SU(2)
Donaldson-Witten theory are also observables in this theory. These observables
are based on the k-forms operators O(k) in [12]:
O(0) =− 1
4
Tr(φ2),
O(1) =− 1
2
Tr(φψ),
O(2) =1
2
Tr(iφF − 1
2
ψ ∧ ψ),
O(3) = i
2
Tr(ψ ∧ F ),
O(4) =1
2
Tr(F ∧ F ).
(2.17)
These operators satisfy the descent equations,
dO(k) = {Q,O(k+1)}. (2.18)
From these equations follow that if Σ is a k-dimensional homology cycle, then
I(Σ) =
∫
Σ
O(k), (2.19)
is in the cohomology of Q. For simply connected four-manifolds, which is the case
of interest in this paper, k-dimensional homology cycles only exist for k = 0, 2, 4.
For k = 4 the cycle Σ is the four-manifold X and I(X) is the instanton number.
We have not found any new invariant involving matter fields. This problem
should be addressed from the point of view of the universal instanton, but presum-
ably the absence of matter invariants means that the universal bundle associated
to the non-abelian monopole equations is the pullback of the universal bundle
associated to Donaldson theory. For simplicity we will denote the observable cor-
responding to k = 0 by O(x). The most general observable which we will consider
in this paper will have the form:
O(x1) · · ·O(xr)I(Σ1) · · · I(Σs). (2.20)
Correlation functions involving operators of the form (2.20) vanish unless the fol-
lowing selection rule holds:
4r + 2s = dimMNA. (2.21)
where dimMNA is given in (2.5) with N = 2. These correlation functions of the
topological field theory are interpreted mathematically as intersection forms in the
moduli space. The operator O represents a cohomology class of degree four, and
I(Σ) represents a cohomology class of degree two. The condition (2.21) simply
says that the integral of these differential forms vanishes unless the total degree
equals the dimension of the moduli space. This has a natural interpretation in
field-theoretical terms [12]. The dimension of the moduli space corresponds to the
index of the operator:
T = ds⊕C† : Ω1(X, gE)⊕Γ(X,S+⊗E) −→ Ω0(X, gE)⊕Ω2,+(X, gE)⊕Γ(X,S−⊗E),
(2.22)
which gives the instanton deformation complex for the moduli problem of non-
abelian monopoles. But this is also the operator associated to the grassmannian
fields in (2.16), and its index gives the anomaly in the ghost number. The selection
rule (2.21) is therefore the ’t Hooft rule which says that fermionic zero modes in
the path integral measure should be soaked up in the correlation functions.
As it is usual in quantum field theory, we will group all the correlation functions
of operators like (2.20) in a generating function,
〈exp(
∑
a
αaI(Σa) + µO)〉, (2.23)
summed over instanton numbers of the bundle E. In (2.23) the Σa denote a basis
of the two-dimensional homology of X , and therefore a = 1, · · · , dim H2(X,Z).
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2.3. Twist of the N = 2 supersymmetric theory
The action (2.16) can be obtained from the twist of N = 2 supersymmetric
Yang-Mills theory with gauge group SU(N) coupled to an N = 2 hypermultiplet
in the fundamental representation [17,18,19,20,22]. The basic idea involved in the
twisting is the following. In R4 the global symmetry group of N = 2 supersymme-
try isH = SU(2)L⊗SU(2)R⊗SU(2)I⊗U(1)R, where K = SU(2)L⊗SU(2)R is the
rotation group and SU(2)I and U(1)R are internal symmetry groups. The super-
charges Qiα and Qα˙i of N = 2 supersymmetry transform under H as (1/2, 0, 1/2)1
and (0, 1/2, 1/2)−1 respectively. The twist consists in considering as the rotation
group the group K′ = SU(2)′L ⊗ SU(2)R where SU(2)′L is the diagonal subgroup
of SU(2)L ⊗ SU(2)I . Under the new global symmetry group H′ = K′ ⊗ U(1)R
the supercharges transforms as (1/2, 1/2)−1 ⊕ (1, 0)1 ⊕ (0, 0)1. In the proccess of
twisting the isospin index i becomes a spinor index, Qiα → Qαβ and Qα˙i → Qα˙β,
and the trace of Qα
β , Q = Qα
α, becomes a (0, 0) rotation invariant operator.
If there is no N = 2 central extension, from the supersymmetry algebra follows
that Q obeys Q2 = 0. This operator can be regarded as a BRST operator and
the U(1)R charges as ghost numbers. In R
4 the original and the twisted theory
are the same. For other manifolds the two theories are certainly different since the
stress tensor changes. On the other hand, due to the fact that the operator Q is
an scalar, it also exists for arbitrary four manifolds. The existence of this operator
is what gives the topological character to twisted theories.
We will begin briefly describing the twist of N = 2 supersymmetric Yang-Mills
theory. Then, we will consider the case of its coupling to an N = 2 hypermultiplet.
The field content of the minimal N = 2 supersymmetric Yang-Mills theory with
gauge group G is the following: a gauge field Aαα˙ (using the notation in [21],
Aαα˙ = e
m
µ (σm)αα˙), fermions λ
i
α and λα˙i, a complex scalar B, and an auxiliary
field Dij (symmetric in i and j). All these fields are considered in the adjoint
13
representation of the gauge group G. Under the twisting these fields become:
Aαα˙ (1/2, 1/2, 0)
0 −→
λiα (1/2, 0, 1/2)
−1 −→
λα˙i (0, 1/2, 1/2)
1 −→
B (0, 0, 0)−2 −→
B† (0, 0, 0) −→
Dij (0, 0, 1)
0 −→
Aαα˙ (1/2, 1/2)
0,
η (0, 0)−1, χαβ (1, 0)
−1,
ψαα˙ (1/2, 1/2)
1,
λ (0, 0)−2,
φ (0, 0)2,
Hαβ (1, 0)
0,
(2.24)
where we have indicated the quantum numbers carried out by the fields relative to
the group H before the twisting, and to the group H′ after the twisitng. Notice
that the fields χαβ and Hαβ are symmetric in α and β and therefore they can be
regarded as components of two self-dual two-forms. The definitions of the twisted
fields in terms of the untwisted ones are the obvious ones from (2.24). The only
ones which need clarification are the conventions taken for η and χ12. Our choice
is:
λ11 =
1
2
η − χ12, λ22 =
1
2
η + χ12. (2.25)
The Q-transformations of the twisted fields can be obtained very simply from
the N = 2 supersymmetry transformations. These last transformations are gen-
erated by the operator ηαi Q
i
α + η
α˙iQα˙i where η
α
i and η
α˙i are anticommuting pa-
rameters. To get the Q-transformations of the fields one must consider ηα˙i = 0
and replace ηαi → ρδαβ , being ρ an arbitrary scalar anticommuting parameter. The
twisting leads to the transformations (2.11) for the twisted fields on the right hand
side of (2.24), and to a twisted action which turns out to be the action S0 in (2.13)
for some value of a plus a term of the form (2.15).
Before discussing the coupling of an N = 2 hypermultiplet let us make a few
comments on the twisting from a N = 1 superspace point of view. In N = 1
superspace only one of the supersymmetries is manifest, and therefore the N =
1 superfields do not have well defined quantum numbers respect to the internal
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SU(2)I symmetry. The N = 2 supersymmetric multiplet contains an N = 1
vector multiplet and an N = 1 chiral multiplet. These multiplets are described
in N = 1 superspace in terms of N = 1 superfields Wα and Φ satisfying the
constraints Dα˙Wα = 0, D
αWα + D
α˙
W α˙ = 0 and Dα˙Φ = 0, where Dα and Dα˙
are N = 1 superspace covariant derivatives (we use the conventions in [30]). The
N = 1 superfields Wα and Φ have U(1)R charges −1 and −2 respectively. The
component fields of the N = 1 superfields Wα and Φ are:
Wα, W α˙ −→ Aαα˙, λ1α, λα˙1, D12,
Φ, Φ† −→ B, λ2α, D11, B†, λα˙2, D22.
(2.26)
The U(1)R transformations of the N = 1 superfields are:
Wα → e−iφWα(eiφθ), and Φ→ e−2iφΦ(eiφθ). (2.27)
Notice that these transformations are consistent with the assignment in (2.24).
In N = 1 superspace the action of N = 2 supersymmetric Yang-Mills theory
takes the form:
∫
d4x d2θd2θΦ†eV Φ +
∫
d4x d2θTr(WαWα) +
∫
d4x d2θTr(W
α˙
W α˙), (2.28)
where V is the vector superpotential. An important feature of this action is that
due to the constraint DαWα +D
α˙
W α˙ = 0 the last two terms in (2.28) differ by a
term which is proportional to the second Chern class.
N = 2 matter is usually represented by N = 2 hypermultiplets. The hyper-
multiplet contains a complex scalar isodoublet qi, fermions ψqα, ψq˜α, ψqα˙, ψq˜α˙,
and a complex scalar isodoublet auxiliary field F i. The fields qi, ψqα, ψq˜α˙, and F
i
are in the fundamental representation of the gauge group, while the fields q†i , ψq˜α,
ψqα˙, and F
†
i are in the conjugate representation. Under the twisting these fields
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become:
qi (0, 0, 1/2)0 −→
ψqα (1/2, 0, 0)
1 −→
ψq˜α˙ (0, 1/2, 0)
−1 −→
F i (0, 0, 1/2)2 −→
q†i (0, 0, 1/2)
0 −→
ψqα˙ (0, 1/2, 0)
−1 −→
ψq˜α (1/2, 0, 0)
1 −→
F †i (0, 0, 1/2)
−2 −→
Mα (1/2, 0)0,
µα (1/2, 0)
1,
vα˙ (0, 1/2)
−1,
Kα (1/2, 0)2,
Mα (1/2, 0)
0,
vα˙ (0, 1/2)
−1,
µα (1/2, 0)
1,
Kα (1/2, 0)
−2.
(2.29)
The Q transformations of the twisted fields are obtained in the same way as in
the case of the N = 2 vector multiplet. The resulting transformations, however,
are not the ones in (2.11). First of all notice that the auxiliary fields of the twisted
theory in (2.29) are different than the auxiliary fields in (2.11). This is a first hint
on the existence of some differences between the theory in (2.12) and the twisted
theory. Auxiliary fields are useful in supersymmetry because they permit to close
the supersymmey off-shell. In this section we have considered a version of the
N = 2 hypermultiplet which contains a minimal set of auxiliary fields. For this
version, however, there is a non-trivial central charge Z. This is an inconvenient
for the twisting because then one finds Q2 = Z instead of Q2 = 0. On the other
hand, if one disregards this problem and goes along considering the twisted theory,
it turns out that after integrating the auxiliary fields the resulting action of the
twisted theory is just the action S in (2.12) for a specific value of a:
a =
1√
2
. (2.30)
This can be obtained comparing (2.12) to the action originated from the twisting
of the N = 2 theory presented in [19]. This equivalence proves that in the twisted
theory the auxiliary content of the theory and the Q-transformations involving
these fields can be changed in such a way that an off-shell action can be written
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as a Q-exact quantity and, furthermore, Q2 = 0. In other words, one can indeed
affirm that the twisted theory is topological. This was observed for the first time
in [17].
Let us briefly describe the N = 2 hypermultiplet from the point of view of
N = 1 superspace. This multiplet contains two N = 1 chiral multiplets and
therefore it can be described by two N = 1 chiral superfields Q (this Q should
not be confused with the BRST operator) and Q˜, i.e., these superfields satisfy
the constraints Dα˙Q = 0 and Dα˙Q˜ = 0. They have U(1)R charge 0. While the
superfield Q is in the fundamental representation of the gauge group, the superfield
Q˜ is in the corresponding conjugate representation. The component fields of these
N = 1 superfields are:
Q, Q† −→ q1, ψqα F 1, q†1 ψq˜α˙, F †1 ,
Q˜, Q˜† −→ q†2, ψq˜α, F †2 , q2, ψqα˙, F 2.
(2.31)
Again, notice that the U(1)R transformations of the N = 1 superfields,
Q→ Q(eiφ), and Q˜→ Q˜(eiφ), (2.32)
are consistent with the assignment in (2.29).
In N = 1 superspace the action for the N = 2 hypermultiplet coupled to N = 2
supersymmetric Yang-Mills takes the form:
∫
d4x d2θ d2θ (Q†eVQ+ Q˜†e−V Q˜) +
√
2
∫
d4x d2θ Q˜ΦQ+
√
2
∫
d4x d2θ Q˜†Φ†Q†.
(2.33)
Notice that the last two terms are consistent with the fact that while Φ is in
the adjoint representation of the gauge group, the superfields Q and Q˜ are in the
fundamental and in its conjugate, respectively.
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2.4. Twist on Ka¨hler manifolds
In this subsection we describe some aspects of the theory under consideration
when the manifold X is Ka¨hler. Work on Donaldson-Witten theory on Ka¨hler
manifolds can be found in [14,31]. When the metric on the four-manifold X is
Ka¨hler the global group SU(2)L ⊗ SU(2)R becomes U(1)L ⊗ SU(2)R being U(1)L
a subgroup of SU(2)L. The two dimensional representation of SU(2)L decomposes
under U(1)L as a sum of one dimensional representations. This means that the
components M1 and M2 transform in definite representations of U(1)L with oppo-
site charges. In other words, S+⊗E has a decomposition into (K 12⊗E)⊕(K− 12⊗E),
where K is the canonical bundle. The complex structure on X allows to have well
defined complex forms of type (p, q). We define this complex structure stating the
following assignment:
(σm)1α˙ dx
m, type (0, 1),
(σm)2α˙ dx
m, type (1, 0).
(2.34)
This implies that (σmn)αβ dx
m ∧ dxn can be regarded as a (0, 2) form when α =
β = 1, as (2, 0) form when α = β = 2, and as a (1, 1) form when α = 1, β = 2.
Let us recall that in the process of twisting the BRST operator Q was obtained
form the supersymmetric charge Qiα after identifying Q
i
α −→ Qαβ and then per-
forming the sum Q = Q1
1 + Q2
2. In the Ka¨hler case, each of the components,
Q1
1 and Q2
2, transforms under definite U(1)L representations and therefore one
can define two BRST charges Q1 = Q1
1 and Q2 = Q2
2. Of course, from the su-
persymmetry algebra follows that Q21 = 0 and Q
2
2 = 0. Furthermore, from their
construction: Q = Q1+Q2. The action of each of these two operators on the fields
is easily obtained from the supersymmetry transformations. One just have to set
ηα˙i = 0 and, for Q1 η
α
1 = ρ1δ
α
1 and η
α
2 = 0, while, for Q2, η
α
1 = 0 and η
α
2 = ρ2δ
α
2 .
From the point of view of N = 2 superspace the operators Q1 and Q2 can be
regarded as a specific derivative respect to some of the θ’s. In the formulation of
the theory on N = 1 superspace the operator Q1 can be identified as the derivative
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respect to θ1. This observation will be very helpfull in proving the invariance under
Q1 of the twisted theories.
On a Ka¨hler manifold each of the fields on the right hand side of (2.24) splits
into fields which can be thought as components of forms of type (p, q). For the
matter fields on the right hand side of (2.29) one just has the standard decompo-
sition of S+ ⊗ E into (K 12 ⊗ E) ⊕ (K− 12 ⊗ E). For example for the field Mα one
has:
Mα →M1 ∈ Γ(K 12 ⊗E), M2 ∈ Γ(K− 12 ⊗E),
Mα →M1 ∈ Γ(K−
1
2 ⊗ E), M2 ∈ Γ(K
1
2 ⊗E).
(2.35)
A similar decomposition holds for the rest of the fields in Γ(S+ ⊗ E) on the right
hand side of (2.29). Notice that the product of an element of Γ(K
1
2 ⊗ E) times
an element of Γ(K
1
2 ⊗ E) is a gauge invariant form of type (2, 0). From the
identifications in (2.29) and (2.31) follows that the first component of Q˜Q, i.e.,
Q˜Q| = q†2q1 = M2
†
M1 is a (2, 0) form. Therefore, superpotentials of the form Q˜Q,
or Q˜ΦQ as the one in (2.33) can be regarded as (2, 0)-forms. This is consistent
with the observation made in [14, 16] that superpotential terms of a twisted theory
on a Ka¨hler manifold must transform as (2, 0)-forms.
Since the twisted theory obtained fron (2.28) and (2.33) and the topological
theory (2.12) are equivalent on-shell for a = 1/
√
2 we will work out the on-shell
Q1-transformations for this case. Notice that only if a = 1/
√
2 in (2.12) one
can guarantee Q1-invariance. The Q1-transformations for the twisted fields in the
N = 2 vector multiplet turn out to be:
[Q1, A1α˙] = ψ1α˙,
[Q1, A2α˙] = 0,
{Q1, ψ1α˙} = 0,
{Q1, ψ2α˙} = D2α˙φ,
[Q1, φ] = 0,
[Q1, λ] =
1
2
η + χ12,
{Q1, 1
2
η + χ12} = 0,
{Q1, 1
2
ηa − χa12} = +2i(F a+12 +
i
2
(M1T
aM2 +M2T
aM1))− i
2
[λ, φ]a,
{Q1, χa11} = M1T aM1,
{Q1, χ22} = −iF+22,
(2.36)
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where we have used that the generators of the gauge group are normalized in such
a way that Tr(T aT b) = δab. For the matter fields one finds:
[Q1,M
1] = µ1,
[Q1,M
2] = 0,
{Q1, µ1} = 0,
{Q1, µ2} = φM2,
{Q1, vα˙} = D2α˙M2,
[Q1,M1] = 0,
[Q1,M2] = µ2,
{Q1, µ1} = φM1,
{Q1, µ2} = 0,
{Q1, vα˙} = D2α˙M1.
(2.37)
It is straightforward to verify that indeed Q21 = 0 on-shell after working out the
transformations of the different components of F+αβ :
[Q1, F
+
11] = iD1σ˙ψ1
σ˙, [Q1, F
+
12] =
i
2
D2σ˙ψ1
σ˙, [Q1, F
+
22] = 0. (2.38)
The Q2-transformations are easily computed from (2.36), (2.37) and (2.11) af-
ter using Q = Q1 + Q2. The action S in (2.12) for a = 1/
√
2 is invariant under
both, Q1 and Q2 symmetries. This can be verified explicitly or just using the
following argument based on N = 1 superspace. On the one hand, the topolog-
ical action (2.12) can be regarded as a twisted version of the sum of the N = 1
superspace actions (2.28) and (2.33). On the other hand, the Q1 operator is equiv-
alent to a θ1-derivative. Acting with this derivative on (2.28) and (2.33) one gets
zero: for the terms involving chiral fields one ends with two many θ-derivatives,
while for the other terms one just gets a total derivative after using the fact that
[Dα, D
2
] = i∂αα˙D
α˙
.
It is often convenient to regard the the observables I(Σ) in (2.19) in terms of
the Poincare´ dual of the homology cycle Σ:
I(Σ) =
∫
Σ
O(k) =
∫
X
O(2) ∧ [Σ], (2.39)
where [Σ] denotes the Poincare´ dual. On Ka¨hler manifolds, I(Σ) can be decom-
posed in three different types of operators depending on which holomorphic part of
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O(2) is taken into account. If only the (p, q) part (p+ q = 2) of O(2) is considered
we will denote the corresponding operator by Ip,q(Σ). For example, for the (1, 1)
part:
I1,1(Σ) =
1
2
∫
X
e(iφF12 − 1
2
ψ1α˙ψ
α˙
2 )[Σ]12 =
1
2
∫
X
e(iB†F12 − 1
2
λ1α˙λ
α˙
2 )[Σ]12, (2.40)
where in the last step we have used (2.24), and we have denoted by Σ12 the (1, 1)
part of Σ.
2.5. The perturbed massive theory on Ka¨hler manifolds
One of the main ingredients in the analysis made by Witten in [14] is the exis-
tence of a perturbation of the twisted N = 2 Yang-Mills theory on Ka¨hler manifolds
which while preserving the topological character of the twisted theory it allows to
regard the theory from an untwisted point of view as an N = 1 supersymmetric
theory. Witten achieved this demostrating that on a Ka¨hler manifold it is possible
to add an N = 1 supersymmetric mass-like term for the chiral superfield Φ while
keeping the topological character of the theory. In this subsection we will show
that this is also possible for the topological quantum field theory which describes
non-abelian monopoles. Notice that, as we need the superpotentials to transform
as (2, 0)-forms, to generate a mass term for Φ we must pick a holomorphic (2, 0)-
form on X . This is not always possible on an arbitrary Ka¨hler manifold, but as we
are assuming b+2 > 1 in order to have a well-defined moduli problem, we guarantee
that H2,0(X) 6= 0 and hence that such a form exists.
Let us consider a holomorphic (2, 0) form ω on X . Its only non-vanishing
component is:
ω11 = (σlk)11ωmnǫ
lkmn. (2.41)
We will denote the unique non-vanishing component of the (0, 2) form ω, conjugate
to ω, by ω22 ( ω22 = (ω11)
∗)
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Following [14] we begin making a perturbation of the action S in (2.16) by
adding a term of the form,
I(ω) =
∫
X
O(2) ∧ ω, (2.42)
where I(ω) is the observable defined in (2.19). In (2.42) we are denoting the
Poincare´ dual to the holomorphic (2, 0) form ω by the symbol ω as well. Using the
Q1-transformations (2.36) and (2.37), this term can be written as:
I(ω) = −1
2
∫
X
d4x e ω11Tr(
1
2
ψ2α˙ψ
α˙
2 ) +
{
Q1,−1
2
∫
d4x e ω11Tr(φχ22)
}
. (2.43)
The first part of this term indicates some progress towards the construction of an
N = 1 mass-like term. However, (2.43) is not invariant under Q1. Contrary to the
case of the theory without matter fields this term is not even Q1-invariant on-shell.
One can remedy this problem if instead of introducing I(ω) one considers:
I˜(ω) = I(ω)− 1
2
∫
X
d4x e ω11M2φM2. (2.44)
Indeed, {Q1, I˜(ω)} turns out to be proportional to the field equation resulting after
making a variation respect to χ22 in the twisted action S in (2.12) (with a = 1/
√
2)
.
The term I˜(ω) implies further progress towards the perturbation by an N = 1
supersymmetric mass term. Notice that from an N = 1 superspace point of view
we intend to obtain a term of the form,
m
∫
d4x d2θTr(Φ2) +m
∫
d4x d2θTr(Φ†
2
). (2.45)
This type of term, added to a theory which already has the last two terms in (2.33),
leads, when written in component fields, to terms like the one added to I(ω) in
(2.44).
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To make further progress in the perturbation towards an N = 1 supersym-
metric mass term while maintaining the Q1 symmetry we will modify the Q1-
transformation of χ11 in the following way:
{Q1, χa11} −→ {Q′1, χa11} =M1T aM1 + ω11φa, (2.46)
while for the rest of the fields the action of Q1 and Q
′
1 remains the same. Notice
that still one has Q′1
2
= 0 on-shell.
Under Q′1 the action S is not invariant. However, one can verify that now the
perturbed action S + I˜(ω) is invariant and not a field equation as before. On the
other hand, adding a Q′1-exact term will keep the Q
′
1-invariance of the theory. It
is rather remarkable that adding just the term,
−1
2
{
Q′1,
∫
d4x e ω22Tr(λχ11)
}
, (2.47)
one finds that the perturbed action is just the action S plus an N = 1 supersym-
metric mass term for the chiral superfield Φ:
S+I˜(ω) + {Q′1, ...}
= S − 1
2
∫
X
d4x e
(
ω22Tr
(
(
1
2
η + χ12)χ11
)
+ ω11Tr(
1
2
ψ2α˙ψ2
α˙)) +
∫
X
d4x e ω11ω22Tr(λφ)
− 1
2
∫
X
d4x e(ω11M2φM2 + ω22M1λM1).
(2.48)
This perturbation of the action S contains all the terms present in the N = 1
supersymmetric mass term (2.45) after setting m = ω11 and integrating out the
auxiliary fields. Writing the twisted fields in terms of the untwisted ones the form
of (2.45) in component fields is obtained. Recall that according to (2.24) and
(2.25), λ22 =
1
2η + χ12, λ
2
1 = χ11, λ2α˙ = ψ2α˙, B
† = φ, and B = λ. For the matter
fields one can read their untwisted counterparts from (2.29).
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Our analysis implies that if one denotes correlation functions of observables in
the twisted theory by 〈A1 · · ·An〉, and in the perturbed theory by 〈A1 · · ·An〉1, the
relation between them is:
〈A1 · · ·An〉1 = 〈A1 · · ·Ane−I˜(ω)〉. (2.49)
As argued in [14], given some homology cycles Σ, it can be assumed that near
their intersection they look like holomorphically embedded Riemann surfaces. This
means that actually the only relevant part of the two-form operators entering (2.49)
are of type (1, 1). Precisely those are the two-form operators invariant under Q′1.
This follows trivially using (2.36) in (2.40). As the zero-form observables in (2.49)
are also invariant under Q′1 one can regard the right hand side of (2.49) as a
topological quantum field theory whose BRST operator is Q′1 and its action is
S + I˜(ω).
The effect of an extra term I(ω) in the action of Donaldson-Witten theory was
studied by Witten in [14]. He showed that its effect on correlators of observables
can be described as a shift on the parameters corresponding to the observables
containing two-form operators. We will finish this section showing that the relevant
contribution from I˜(ω) in (2.49) and from I(ω) in the case of Donaldson-Witten
theory is the same. Therefore, in our theory the effect of the presence of I˜(ω) in
(2.49) is also a shift in those parameters.
The quantity I˜(ω) can be written as,
I˜(ω) =
1
2
∫
X
d4x e ω11
(
iφa(F a+22 + iM2T
aM2)− Tr(1
2
ψ2α˙ψ2
α˙)
)
=− 1
2
∫
X
d4x e ω11
(
Tr({Q, φχ22}+ 1
2
ψ2α˙ψ2
α˙)
)
,
(2.50)
after using (2.11). This means that the vacuum expectation values on the right
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hand side of (2.49) can be written as
〈A1 · · ·AneJ(ω)〉. (2.51)
where,
J(ω) =
1
4
∫
X
d4x e ω11Tr(ψ2α˙ψ2
α˙). (2.52)
This is precisely the same expression that one obtains in the case of Donaldson-
Witten theory. Notice that in that case F+22 is Q-exact and one has the same
Q-transformations as in our theory for the field ψaα˙.
Another argument to show that the presence of the term involving the mas-
sive fields in I˜(ω) is irrelevant is just to point out that the contributions from
the functional integral on the right hand side of (2.49) are localized on configura-
tions satisfying the monopole equations. As shown in [21] the (0, 2) part of those
equations implies M2TM2 = 0.
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3. Vacuum structure of the N = 2 and N = 1 theories
As we have seen, when we perturb the original N = 2 theory to a N = 1 theory
on a Ka¨hler manifold, the resulting theory preserves the topological symmetry and
one can compute the topological correlation functions in the N = 1 theory. If
this theory has a mass gap and presents topological invariance, the only relevant
information we need in this computation is the structure of the N = 1 vacua and
their symmetries, as was shown by Witten in [14]. When we consider N = 2 pure
Yang-Mills theory perturbed by a mass term for the chiral multiplet Φ, we know
that at low energies we are reduced to a N = 1 Yang-Mills theory. This theory
is supposed to have a mass gap and its vacua have the symmetry pattern coming
from spontaneous chiral symmetry breaking [15]. But the standard conjectures
about the structure of vacua of this theory can be obtained from the structure of
the quantum moduli space of vacua of the corresponding N = 2 theory, as it has
been shown in [6]. The same method can be applied to the N = 2 theory with
matter perturbed by the N = 1 mass term for Φ [7]. In this section we will use
the information about symmetries and vacua of the N = 2 theory [7] to show that
in fact the N = 1 theory we are dealing with has a mass gap and we will obtain a
precise description of its vacua.
N = 2 supersymmetric QCD with gauge group SU(Nc) andNf hypermultiplets
in the fundamental representation of the gauge group has the U(1)R symmetry
described in (2.27) and (2.32):
Wα −→ e−iφWα(eiφθ),
Φ −→ e−2iφΦ(eiφθ),
Qi −→ Qi(eiφθ),
Q˜i˜ −→ Q˜i˜(eiφθ).
(3.1)
In component fields the corresponding transformations can be read from (2.24) and
(2.29):
λ1, λ2 −→ e−iφλ1, e−iφλ2,
B −→ e−2iφB,
ψqi, ψq˜i˜ −→ eiφψqi, eiφψq˜i˜.
(3.2)
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This symmetry is anomalous because of instanton effects. The anomaly is 4Nc −
2Nf (2Nc from λ
1 and λ2, which live in the adjoint representation of the gauge
group, and 2 from each couple of fermions ψq, ψq˜ in the hypermultiplet). In the
case we are dealing with, namely Nc = 2 and Nf = 1 (which gives the SU(2)
monopole equations) the anomaly is 6 and we should expect the Z6 anomaly-free
discrete subgroup:
λ1, λ2 −→ e− ipi3 λ1, e− ipi3 λ2,
B −→ e− 2ipi3 B,
ψq, ψq˜ −→ e
ipi
3 ψq, e
ipi
3 ψq˜.
(3.3)
However, since we are considering one hypermultiplet in the fundamental repre-
sentation of SU(2), we must take into account that the quark Q and the antiquark
Q˜ live in isomorphic representations of the gauge group (for SU(2), 2 ≃ 2¯). As a
consequence of this isomorphism, and when the matter fields are massless, we have
a parity symmetry ρ interchanging the quark and the antiquark:
ρ : Q↔ Q˜. (3.4)
This symmetry is anomalous, as can be seen from the ’t Hooft interaction term,
(λ1)4(λ2)4ψqψq˜. (3.5)
Nevertheless, one can combine the ρ symmetry with the square root of Z6 in (3.3)
to obtain an anomaly-free Z12 subgroup.
Under the Z12 symmetry the quantity u = TrB
2 transforms as u → e−2πi/3u
and gives a global Z3 symmetry on the u plane. This plane parametrizes in fact
the moduli space of vacua of the theory. Classically, SU(2) is broken to U(1)
for u 6= 0, and at u = 0 the gauge symmetry is unbroken as the gluons become
massless. Quantum mechanically, the picture that emerges is very different: there
are three singularities interchanged by the Z3 symmetry. These singularities are
points where magnetic monopoles or dyons become massless, and the description
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based on a low-energy effective action which includes only the photon multiplet of
the unbroken U(1) breaks down: an additional massless hypermultiplet must be
included near each singularity [7]. The effective theory becomes therefore N = 2
supersymmetric QED with a massless hypermultiplet.
The superpotential of the resulting N = 2 supersymmetric QED in terms of
N = 1 superfields has the following form:
WM =
√
2AMM˜. (3.6)
In this expression A denotes the N = 1 chiral multiplet of the N = 2 Yang-
Mills field (it is the abelian analogue of Φ). The superfields M and M˜ are the
N = 1 chiral multiplets which represent the N = 2 hypermultiplet in the abelian
case. They have opposite charges. We are interested in the vacuum structure of
the N = 1 theory which is obtained when one adds a mass term mTrΦ2 to the
N = 2 theory with matter. For this one can use the effective low-energy action,
as it is shown in [6, 7]. The effective contribution of the mass term for Φ in the
low-energy theory can be represented by an additional term in the superpotential
Weff = mU , where U is a chiral superfield whose first component is the operator u.
The vacua of theN = 1 theory are given by the critical points of the superpotential,
up to complexified U(1) gauge transformations (this is equivalent to set the D
terms to zero and divide by U(1)). At non-singular points of the moduli space,
W = Weff and therefore, if one supposes that du 6= 0, there are no supersymmetric
ground states at all. The only points in the quantum moduli space of vacua of the
N = 2 theory which give rise to N = 1 vacua are precisely the singularities where
monopoles become massless. In this case W = WM +Weff and there are critical
points where magnetic monopoles get an expectation value. Hence, the resulting
N = 1 theory has three vacua related by the Z3 symmetry of the u-plane. In these
points one can also check that there is mass gap and condensation of monopoles.
Because of the mass gap of the N = 1 theory we can use the physical properties
of this kind of theories to evaluate the correlation functions. We also know that
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this theory has three vacua, but to have a clear picture of their symmetries we
need the resulting U(1)R symmetry of the perturbed theory. Notice that the mass
term for the Φ field breaks the second transformation in (3.1) due to the presence
of the fermionic fields λ2, as can be seen from (2.48). Thus under the new U(1)R
symmetry we must have:
Φ −→ e−iφΦ(eiφθ), (3.7)
and this in turn imposes, because of the superpotential term, the following trans-
formation for the matter fields:
Q −→ e−iφ/2Q(eiφθ),
Q˜ −→ e−iφ/2Q˜(eiφθ).
(3.8)
Rescaling the charges to make them integers, we have the following U(1)R sym-
metry for the perturbed theory in terms of components fields:
λ1, B −→ e−2iφλ1, e−2iφB,
q, q˜ −→ e−iφq, e−iφq˜,
ψq, ψq˜ −→ eiφψq, eiφψq˜.
(3.9)
The anomaly-free discrete subgroup of the transformations (3.9) is Z6. How-
ever, one must take into account the ρ symmetry (3.4), as the addition of the
mass term for Φ doesn’t break it. Again, we have an enhancement of the discrete
symmetry to Z12. The resulting transformations are:
λ1, B −→ e−πi/3λ1, e−πi/3B,
q −→ e−πi/6q˜, q˜ −→ e−πi/6q,
ψq −→ eπi/6ψq˜, ψq˜ −→ eπi/6ψq.
(3.10)
These transformations leave invariant the ’t Hooft term (λ1)4ψqψq˜. We know
that this theory has only three vacua, and therefore there must be spontaneous
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symmetry breaking of (3.10), as it happens in the pure N = 1 Yang-Mills theory.
To identify the pattern of this breaking, notice that these vacua are labeled by the
order parameter u = TrB2. It is easy to see that the unbroken symmetry which
gives this vacuum structure is:
λ1 −→ −λ1,
ψq −→ iψq˜,
ψq˜ −→ iψq.
(3.11)
This is precisely the maximal subgroup of (3.10) which allows fermion masses for
λ1 and for ψq, ψq˜ (notice that the mass term for the matter fields changes its sign
under the parity symmetry involved in (3.11)). The spontaneous chiral symmetry
breaking in (3.11) is induced by a vacuum expectation value of the gauge invariant
order parameter X = Q˜Q as in [32].
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4. Computation of the polynomial invariants
In this section we compute the topological invariants corresponding to SU(2)
monopoles by two different methods. The first one is based on the abstract ap-
proach developed in [14] and is valid only for Ka¨hler manifods. The second method,
which is valid for arbitrary spin manifolds, uses electric-magnetic duality [6,7] and
is inspired by the approach developed in [8].
4.1. Ka¨hler manifolds
Now that we have the information about the vacuum structure of the N =
1 theory and their symmetries we can compute the correlation functions of the
topological theory on a Ka¨hler, spin manifold. Because of the presence of the
mass gap most of the arguments of [14] go through. Although the structure of
the mass perturbation on a Ka¨hler manifold introduces some subtleties which we
will consider later (the cosmic string theory), in a first approach the correlation
functions take the form:
〈exp(
∑
a
αaI(Σa) + µO)〉 =
∑
ρ
Cρexp(γρv
2 + µ〈ρ|O|ρ〉). (4.1)
In this expression the sum is over the three vacua |ρ〉 labeled by the index ρ = 1, 2, 3;
v =
∑
a αa[Σa], where [Σa] is the cohomology class Poincare´ dual to Σa, and
v2 =
∑
a,b αaαb♯(Σa ∩ Σb), where ♯(Σa ∩ Σb) is the intersection number of Σa and
Σb. The constant Cρ is the partition function in the ρ vacuum, and the mass gap
and topological character of the theory imply that it must have the structure:
Cρ = exp(aρχ+ bρσ). (4.2)
The constants which appear in (4.1) are not independent because the theory
has a Z3 broken symmetry which relates the three vacua and is given by (3.10).
First let us work out the relation between the Cρ. As these constants are given by
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the partition function of the theory at different vacua, and the vacua are related by
a non-anomalous symmetry, one should think that they are equal. But actually, as
we are working now on a curved four-manifold, the anomalies have gravitational
contributions which were not taken into account in section 3 (where X = R4), and
the path integral measure does change. We must take into account also the new
geometrical content of the fields after twisting. The field λ1 is now a (1, 0)-form,
and λ1 contains a (2, 0)-form part, a (1, 1) part and a scalar part. The operator
relating them is:
∂ ⊕ p+∂ ⊕ ∂† : Ω1,0 −→ Ω2,0 ⊕ Ω1,1 ⊕ Ω0, (4.3)
and its index is given by half the dimension of MASD in (2.6) (notice that the
complex conjugate of this operator gives the one for λ2, which is a (0, 1)-form, so
both indices are equal and the sum of them gives the index of the original ASD
complex (2.7)). Therefore the anomaly due to the first transformation in (3.10) is:
e
pii
3
{4k− 3
4
(χ+σ)}. (4.4)
We must take into account also the transformation of the matter fermions. After
twisting they are spinors, and we have the correspondence ψq → µ, ψq˜ → µ¯
(see (2.29)). Notice that, due to the ρ symmetry in (3.4), there is an additional
contribution to the anomaly coming from this transformation, as we saw in (3.5).
Now we must also compute the gravitational part and obtain the total anomaly (a
similar problem is addressed in section 4.4 of [33]). The path integral measure for
the twisted matter fermions can be written as:
∏
I
dµIdµ¯I
∏
J
dvJdv¯J , (4.5)
where the index I = 1, · · · , ν+ refers to the µα zero modes (of positive chirality)
and the index J = 1, · · · , ν− to the vα˙ zero modes (of negative chirality). Under
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the transformation in (3.10), the measure (4.5) transforms as:
(−1)ν++ν−e−pii6 2(k+σ4 ) = (−1)−k−σ4 e−pii3 (k+σ4 ), (4.6)
where we have taken into account that ν+− ν− = index D = −k−σ/4, according
to (2.8). Putting together both factors we obtain:
(−1)∆e−pii12σ, (4.7)
where ∆ was introduced in (2.10) and we have used that σ ≡ 0 mod 8. Notice
that the k dependence has dropped out, because the symmetry in (3.10) is not
anomalous under Yang-Mills instantons, and (4.7) contains only the gravitational
contribution to the anomaly. The result, in terms of the constants Cρ, is:
C2 = (−1)∆e−
pii
12
σC1, C3 = e
−pii
6
σC1. (4.8)
We would also like to relate the constants γρ and the expectation values 〈ρ|O|ρ〉
in (4.1) for the different vacua. This is easily done taken into account the trans-
formations of the corresponding observables under the symmetry (3.10). As it is
argued in [14], for the observables I(Σ) on a Ka¨hler manifold one can consider only
the (1, 1) part. If we call α the generator of the discrete symmetry in (3.10) in
the operator formalism, after taking into account (2.40), one finds the following
relations:
α|ρ〉 = |ρ+ 1〉, ρ ≡ 1 mod 3,
αOα−1 = e 2pii3 O, αI1,1(Σ)α−1 = epii3 I1,1(Σ),
(4.9)
which lead to:
γ2 = e
− 2pii
3 γ1, γ3 = e
− 4pii
3 γ1,
〈2|O|2〉 = e− 2pii3 〈1|O|1〉, 〈3|O|3〉 = e− 4pii3 〈1|O|1〉.
(4.10)
With these relations we have determined completely the bulk structure of the
vacua, which comes from the underlying N = 1 theory.
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One has to take into account however that the mass perturbation which gives
this theory was done with a (2, 0) holomorphic form ω, and the mass will van-
ish when this form does. In general, ω vanishes on a divisor C representing the
canonical class of X . The simplest case is the one in which C is a union of disjoint
Riemann surfaces Cy of multiplicity ry = 1 (i.e., ω has simple zeroes along this
components), and therefore the canonical divisor of X can be written as,
c1(K) =
∑
y
[Cy]. (4.11)
As discussed in [14, 16], near these surfaces Cy we have an effective two-dimensional
theory (the cosmic string theory) with additional symmetry breaking. In particu-
lar, along the worldsheets of the strings Cy each bulk vacuum bifurcates according
to a new pattern of symmetry breaking. As in [14, 16], we will assume that each
bulk vacuum gives two vacua along the string, and therefore that there is spon-
taneous symmetry breaking of λ1 → −λ1. As we will see, this assumption is the
most natural one from several points of view. First of all, the contributions from
the new vacua cooperate with the bulk structure in such a way that the resulting
expression has the adequate properties. Second, with this assumption, the final
expression can be naturally understood as a consequence of electric-magnetic du-
ality of the underlying N = 2 theory. Finally, as we will describe in sect. 5, where
we consider the N = 2 supersymmetric theory with a massive hypermultiplet, one
can show that, although the bulk structure of vacua of that theory is different from
the one under consideration, the “internal” structure of each vacuum corresponds
in fact to a two-fold bifurcation.
Let us briefly explain, following [14], what is the effect of the new vacua in
the computation of the correlation functions. Each bulk vacuum |ρ〉 leads to two
vacua of the cosmic string theory |ρ+〉, |ρ−〉, which are related by the broken
symmetry α3. The surfaces Cy give new contributions to the correlators through
their intersection with the surfaces Σa. The observables I(Σa) will be described by
♯(Σa ∩Cy)Vy, where Vy is the insertion of a cosmic string operator V on Cy which
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has the same quantum numbers of I1,1(Σa). From (2.40) and (3.10) follows that it
transforms under α3 as:
α3V α−3 = −V. (4.12)
Now, for a given bulk vacuum |ρ〉 we must take into account its bifurcation
along the diferent surfaces Cy, and compute the vacuum expectation values of
exp(
∑
a αaI(Σa)). The result is [14]:
∏
y
(
exp(φy〈ρ+ |V |ρ+〉) + tyexp(−φy〈ρ+ |V |ρ+〉)
)
. (4.13)
In this expression, φy =
∑
a αa♯(Σa ∩ Cy) and the factor ty is similar to (4.7) and
comes from an anomaly in the two-dimensional effective theory. It is given by:
ty = (−1)ǫy , (4.14)
where ǫy is 0 (1) if the spin bundle of Cy is even (odd). The ǫy verify [14]:
∆ +
∑
y
ǫy ≡ 0 mod 2. (4.15)
At this point we have all the information that we need to compute the poly-
nomial invariants for SU(2) monopoles on Ka¨hler, spin four-manifolds. Notice
that the result will involve unknown constants which should be fixed by comparing
to mathematical computations of these invariants. These constants are universal,
in the sense that they depend only on the dynamics of the physical theory (as
shown in [14]) and not on the particular manifold we are considering. If we denote
C = C1, γ = γ1, 〈1|O|1〉 = 〈O〉 and 〈1 + |V |1+〉 = 〈V 〉, the expression for the
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polynomial invariants reads:
C
(
exp(γv2 + µ〈O〉)
∏
y
(
exp(〈V 〉φy) + tyexp(−〈V 〉φy)
)
+ (−1)∆e−pii12σexp
(
e−
2pii
3 (γv2 + µ〈O〉)
)∏
y
(
exp(e−
pii
3 〈V 〉φy) + tyexp(−e−
pii
3 〈V 〉φy
)
+ e−
pii
6
σexp
(
e−
4pii
3 (γv2 + µ〈O〉)
)∏
y
(
exp(e−
2pii
3 〈V 〉φy) + tyexp(−e−
2pii
3 〈V 〉φy
))
.
(4.16)
In order to check some of the properties of (4.16) we will express it in a more
convenient way. Notice that because of (4.14) and (4.15) we can extract the factor
ty in the second summand of (4.16) and cancel the factor (−1)∆. Using some
straightforward algebra and the fact that σ ≡ 0 mod 8, (4.16) can be rewritten
as:
〈exp(
∑
a
αaI(Σa) + µO)〉
= C
(
exp(γv2 + µ〈O〉)
∏
y
(
exp(〈V 〉φy) + tyexp(−〈V 〉φy)
)
+ e−
pii
6
σexp
(
− e−pii3 (γv2 + µ〈O〉)
)∏
y
(
exp(e−
2pii
3 〈V 〉φy) + tyexp(−e−
2pii
3 〈V 〉φy
)
+ e−
pii
3
σexp
(
− epii3 (γv2 + µ〈O〉)
)∏
y
(
exp(e−
4pii
3 〈V 〉φy) + tyexp(−e−
4pii
3 〈V 〉φy
))
(4.17)
where the second summand of (4.16) is now the last one. This is our final ex-
pression for the polynomial invariants associated to SU(2) monopoles on Ka¨hler,
spin manifolds whose canonical divisor can be written as in (4.11). The result is
obviously real, as the first summand in (4.17) is real and the second one is the
complex conjugate of the third one.
Another check of (4.17) is the following. As we noticed in sect. 2, a product of
r observables O and s observables I(Σ) has ghost number 4r + 2s, and this must
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equal the dimension of the moduli space for some instanton number k. In terms
of ∆ we have the selection rule (2.21):
4r + 2s = dim MNA = 6(k −∆)− σ
2
, (4.18)
i.e., if we suppose that the αa are of degree 2 and µ of degree 4, in the expansion
of (4.17) we can only find terms whose degree is congruent to −σ/2 mod 6. This
is easily checked. If we consider the terms of fixed degree 4r+2s we see that they
can be grouped in terms with the same coefficient, given by:
1 + e−
pii
6
σe−
pii
3
(4r+2s) + e−
pii
3
σe−2
pii
3
(4r+2s). (4.19)
This is a geometrical series whose sum is zero unless e−
pii
6
σ−pii
3
(4r+2s) = 1, which
gives precisely the condition we were looking for. Notice that to obtain the well-
behaved expression (4.17) from (4.16) the key point is that the contributions from
the cosmic string theory have the form (4.13). This is what allows to drop out the
factor (−1)∆ which comes from the bulk structure and suggests that the pattern
of bifurcation of vacua along the cosmic string is the right one.
Another point of interest is that, according to our expression (4.17), the gen-
erating function for the correlation functions f = 〈exp(∑a αaI(Σa)+µO)〉 verifies
the equation:
∂3f
∂µ3
= 〈O〉3f, (4.20)
which seems to be the adequate generalization to our moduli problem of the simple
type condition which appears in Donaldson theory [34]. Physically, the order of
this equation is clearly related to the number of singularities which appear in the
quantum moduli space of vacua. It would be interesting to have a clear picture of
the mathematical meaning of this generalized simple type condition as well as to
know what is the form it takes in other moduli problems.
37
4.2. General spin manifolds
In the previous section we have computed the polynomial invariants for SU(2)
monopoles on Ka¨hler, spin manifolds. The fact that we have a Ka¨hler structure
allows one, as we have seen in sect. 2, to perform the computation in the N = 1
theory. In this section we will show that one can use electric-magnetic duality and
the U(1)R symmetry of the original N = 2 theory to obtain expressions which are
valid on a general spin manifold X , as it happens in Donaldson theory [8]. As it
has been shown in [6, 7], at every point in the quantum moduli space of vacua of
the N = 2 Yang-Mills theory (the u-plane) there is a low-energy abelian N = 2
effective theory which can also be twisted to give a topological field theory. At a
generic point the only light degree of freedom is the U(1) gauge field which survives
after gauge symmetry breaking, and the twisting of this theory would give (as it
should be clear from sect. 2) the moduli problem of abelian instantons on X . At
the singularities new massless states (monopoles or dyons) appear which must be
included in the low-energy lagrangian. The resulting effective theory is N = 2
QED with a certain number of massless hypermultiplets. For the pure N = 2
Yang-Mills theory and the theory with Nf = 1 which we have been considering,
there is a single hypermultiplet at every singularity [7]. In these cases, the twisted
theory near these points gives the abelian monopole equations of [8]. Such a theory
has been constructed in [13]. In principle, when computing a correlation function
of the original, “microscopic” twisted theory, one should integrate over the u-
plane. However, the moduli problem in Donaldson theory and in the non-abelian
monopole theory (as it has been argued in [21]) are well defined only for manifolds
with b+2 > 1. This condition means that there are no abelian instantons on X for a
generic metric, and therefore one expect contributions only from the singularities,
as the moduli space of the twisted effective, “macroscopic” theory is empty for the
other points in the u-plane. This is consistent with the N = 1 point of view. Once
we know the contribution from one of the singularities, the other contributions can
be obtained through the underlying microscopic U(1)R symmetry of the N = 2
theory.
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Let us implement this picture in our problem. The quantum moduli space
of vacua has three singularities, as we have recalled in sect. 2. Each of them
corresponds to a single state becoming massless. The charges of the three different
states are (nm, ne) = (1, 0), (1, 1), (1, 2), where nm denotes the magnetic charge
and ne the electric one [7]. Consider the singularity associated to the magnetic
monopole, with charge (1, 0). The low-energy effective theory after twisting gives
the moduli problem of abelian monopoles, and as the observables of the theory
are those of the pure Yang-Mills case, we should expect that the contribution from
this singularity to a correlation function is the same which appears in the N = 2
theory without matter coming from the singularity at u = Λ20. Recall from [8] that
the abelian monopole theory is defined in terms of a complex line bundle L (in
the spin case) or equivalently by a class x = −2c1(L). When the moduli space
associated to the abelian monopole equation has zero dimension, x satisfies:
x2 = 2χ+ 3σ, (4.21)
and the partition function of this theory is denoted by nx. The x such that nx 6= 0
are called basic classes, and they must verify the condition (4.21). According to
[8], the contribution from the vacua at u = Λ20 is given by:
exp(γv2 + µ〈O〉)
∑
x
nxe
〈V 〉v·x, (4.22)
where v · x = ∑a αa♯(Σa ∩ x) and we have included the new universal constants
which also appear in (4.17). The sum is over all the basic classes. Now, to get the
contributions from the other two vacua we can use the U(1)R symmetry given in
(3.1) and (3.2). The resulting Z6 anomaly-free discrete subgroup in (3.3). Notice
that if we use (3.3) the transformation of the order parameter u is u → e− 4pii3 u.
This is still a Z3 symmetry of the u-plane which goes through all the singularities,
and we won’t need to implement the additional symmetry (3.4).
At this point the computation becomes very similar to the one we did for the
N = 1 theory. First we must take into account the gravitational contribution of
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the anomaly and the geometrical character of the fields after twisting. The fields
λ1, λ2, λ1 and λ2 give now the whole ASD complex (2.7) and the anomaly is the
square of (4.4). For the matter fermions the anomaly is given by 2πi3 index D. The
total contribution is:
e
pii
3
{8k− 3
2
(χ+σ)}−pii
3
(2k+σ
2
) = e−
piiσ
6 . (4.23)
This is the anomaly we obtained for the third N = 1 vacuum, for it is the square
of (4.7). We see that, as it happens in the pure N = 2 Yang-Mills theory [14],
the U(1)R symmetries of the N = 1 and the N = 2 theory, which are certainly
different, work in such a way that after twisting one obtains the same contribution
for the gravitational part of the anomaly.
To implement the symmetry under consideration in the observables we need
the action of the generator of (3.3), call it again α, on them. One obtains:
αOα−1 = −epii3 O, αI(Σ)α−1 = e 2pii3 I(Σ). (4.24)
Now we can apply these transformations to (4.22), as we did in the Ka¨hler case,
to obtain:
〈exp(
∑
a
αaI(Σa) + µO)〉
= C
(
exp(γv2 + µ〈O〉)
∑
x
nxexp(〈V 〉v · x)
+ e−
pii
6
σexp
(
− e−pii3 (γv2 + µ〈O〉)
)∑
x
nxexp(e
− 2pii
3 〈V 〉v · x)
+ e−
pii
3
σexp
(
− epii3 (γv2 + µ〈O〉)
)∑
x
nxexp(e
− 4pii
3 〈V 〉v · x)
)
.
(4.25)
This is our final expression for the polynomial invariants associated to SU(2)
monopoles on a spin manifold X with b+2 > 1.
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Using the abelian monopole equations it is easy to show that, when X is Ka¨hler
and its canonical divisor is of the form (4.11) with disjoint Cy, one recovers (4.17)
from (4.25). In such a situation the basic classes are given by [8]:
x(ρ1,···,ρn) =
∑
y
ρy[Cy], (4.26)
and each ρy = ±1. The corresponding nx are:
nx =
∏
y
t
sy
y , (4.27)
where sy = (1− ρy)/2 and the ty are given in (4.14). A simple computation leads
to,
∑
x
nxexp(〈V 〉v·x) =
∑
ρy
∏
y
t
sy
y exp(
∑
y
〈V 〉ρyφy) =
∏
y
(
exp(〈V 〉φy)+tyexp(−〈V 〉φy)
)
,
(4.28)
which shows that in this case (4.25) becomes (4.17).
Our last comment concerns the roˆle of (4.20) in the above computation. As
it is argued in [8] for Donaldson theory, the simple type condition guarantees
that the operator Tr(B†)2 can be replaced by c-numbers in the evaluation of the
correlation functions, and there are no contributions coming from other operators
of the effective theory. The equivalent condition in our case is certainly (4.20),
and therefore the expression (4.25) should be valid for spin manifolds with b+2 > 1
whose polynomial invariants verify this constraint.
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5. The massive theory
In this section we will make some observations concerning N = 2 QCD with
one massive hypermultiplet. The superpotential (3.6) now becomes:
W =
√
2Q˜ΦQ +mQ˜Q. (5.1)
This theory can be twisted as in section 2.3, but the resulting theory is not topo-
logical because of the mass term, and can be understood in fact as a deformation
of the theory we have been studying. Notice that the U(1)R symmetry of the
non-massive theory is completely broken by the presence of the mass term, and
therefore one would expect that the quantum moduli space of this theory has a
singularity structure very different from the original one. These singularities can
be analyzed along the lines proposed in [7].
Classically the B field gets an expectation value characterized by a complex
parameter a, and one can write B = aσ3 with σ3 = diag(1,−1). If we write
Q = (Q1, Q2), Q˜ = (Q˜1, Q˜2) and expand around this vacuum, it is easy to see from
(5.1) that the first component of the hypermultiplet gets a massm+
√
2a, while the
second one gets a mass m−√2a. One finds a classical singularity at a = −m/√2
where the first component of the hypermultiplet become massless: as we have a
new light degree of freedom, the description based on the pure N = 2 abelian
theory breaks down. If we consider that m ≫ Λ1, where Λ1 is the dynamically
generated mass of the theory, the singularity is in the semiclassical region (because
u ≈ 2a2 = m2 ≫ Λ1) and it persists in the quantum theory. For u ≪ m2 all
the quarks are massive and can be integrated out. The low-energy theory is the
pure N = 2 Yang-Mills, which has two singularities at u = ±Λ20 [6], where Λ0 is
the scale of the low-energy theory and is related to Λ1 by Λ
4
0 = mΛ
3
1 [7]. The
conclusion of this analysis is that the massive theory has three singularities, as the
non-massive one, and obviously there is not a discrete symmetry coming from an
U(1)R relating them.
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If we perturb the massive theory with a mass term for the Φ superfield, as
we have done in the computation of the polynomial invariants for the non-massive
theory, we obtain an N = 1 theory with three vacua coming from the singularities
in the quantum moduli space of the underlying N = 2 theory. Here we will
obtain these three vacua for the twisted massive theory on a Ka¨hler, spin manifold
X . Instead of considering the effective theory, as in sect. 3, we will follow the
procedure used in [16] to obtain similar issues in N = 4 Yang-Mills theory, and we
will analyze the N = 1 superpotential which is obtained after perturbation. Notice
that, as the mass term for the matter hypermultiplet is Q′1-closed (following the
same kind of arguments used in sect. 2), we have the same situation with respect
to the topological symmetry that the one we had in the non-massive theory. The
only term breaking the topological invariance of the resulting N = 1 theory will
be again the mass term.
Recall that, as we are on a Ka¨hler manifold, the terms in the superpotential
must be (2, 0) forms. The mass perturbation for the Φ superfield must be done
with a global ω, which is a holomorphic section of the canonical bundle K over X .
In this paper we take it satisfying (4.11). The superpotential reads:
W = Q˜ΦQ +mQ˜Q+ ωTrΦ2. (5.2)
In order to obtain the critical points of this function we have to solve the following
equations:
∂W
∂Qa
=
√
2Q˜bΦab +mQ˜a = 0,
∂W
∂Q˜a
=
√
2ΦabQa +mQa = 0,
∂W
∂Φab
=
√
2Q˜aQb + 2ωΦab = 0, a 6= b,
∂W
∂Φ11
=
√
2(Q˜1Q1 − Q˜2Q2) + 4ωΦ11 = 0.
(5.3)
An obvious solution of the equations (5.3) is the trivial one, with Φ = Q = Q˜ = 0.
This corresponds to the trivial embedding solution in [16], and gives at low energies
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the pure N = 1 Yang-Mills theory, with two different vacua. This is the same
structure we found in the quantum moduli space of vacua of the N = 2 massive
theory for the low-energy behaviour. Because of the third singularity, we should
expect a non-trivial critical point for (5.2). The first equation of (5.3) tells us that
Q is an eigenvector of Φ with eigenvalue −√2m/2. As Φ is a traceles matrix,
their eigenvalues must be −√2m/2 and √2m/2. Now recall that we must quotient
the solutions of (5.3) by the group of complexified gauge transformations, i.e.
transformations in Sl(2,C). We can use this gauge freedom to write Φ in diagonal
form:
Φ −→ MΦM−1 = −
√
2m/2
(
1 0
0 −1
)
, M ∈ Sl(2,C). (5.4)
This means that at this critical point Φ breaks the gauge group down to U(1), as
it should be expected from the description by means of the N = 2 theory.
In the twisted theory on a Ka¨hler manifold we have Q = (α1, α2) ∈ K1/2 ⊗ E
and similarly Q˜ = (β1, β2) ∈ K1/2 ⊗ E (here we denote by capital letters also the
first component of the chiral superfields Q, Q˜ and Φ). The vacuum of the theory
must have zero action, and this requires Φ to be holomorphic because of its kinetic
energy term. But if a holomorphic section of the adjoint gauge bundle adE splits
everywhere as in (5.4), then E = L⊕ L−1, with L a holomorphic line bundle. Let
us analyze the remaining equations in (5.3). After conjugation by M , Q and Q˜
verify:
Q˜1Q2 = Q˜2Q1 = 0,
Q˜1Q1 − Q˜2Q2 = 2mω.
(5.5)
Choosing Q1 6= 0, we have Q˜2 = Q2 = 0, and Q˜1Q1 = 2mω. Because of the
splitting of E, we have α ≡ α1 ∈ K1/2 ⊗ L, and β ≡ β1 ∈ K1/2 ⊗ L−1. The last
equation in (5.5) gives:
αβ = 2mω, (5.6)
which is essentially the (perturbed) abelian monopole equation of [8] on a Ka¨hler
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manifold (notice also that in order to obtain a vacuum α and β must be holomor-
phic, as required in [8]).
The above result confirms the picture for the low-energy theories associated to
the singularities of the N = 2 massive theory: at these points the light degrees
of freedom are a matter hypermultiplet and the N = 2 photon, and the effective
theory should be N = 2 QED with one matter field. This theory, after twisting,
gives the moduli problem of abelian monopoles, and its vacua correspond to the
solutions of these equations. This is precisely what we have obtained as the critical
points of W . Notice that the two bulk vacua associated to the trivial solution,
and corresponding to pure N = 1 Yang-Mills, have the same internal vacuum
strucure given by the solution to the monopole equations. This is because, when
the canonical divisor has the form (4.11), the solutions of (5.6) correspond precisely
to the two-fold bifurcation of each bulk vacuum along the cosmic strings Cy, as it
is shown in [8].
One should expect that the “internal” vacuum structure associated to the bulk
vacua of the massive theory are equivalent to the ones arising in the non-massive
theory. This is clear from the N = 2 point of view, where the low-energy effective
theories are equivalent, at least in the limit of very large Λ. Therefore, the analysis
that we have done supports the assumption we made in sect. 4 about the cosmic
string theory. Notice that we have not used duality arguments in this analysis, but
rather we have checked their predictions.
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6. Conclusions
In this paper we have computed the polynomial invariants associated to the
moduli space of SU(2) monopoles on four-dimensional spin manifolds, with the
monopole fields in the fundamental representation of the gauge group. Our com-
putation is based on the exact results about the quantum moduli space of vacua of
the corresponding N = 2 and N = 1 supersymmetric theories, and follows the lines
of [14] and [8]. The resulting expressions (4.25) and (4.17) can be written in terms
of Seiberg-Witten invariants, and therefore the first conclusion of our analysis is
that these invariants underlie not only Donaldson theory, but also the general-
ization of this theory presented in [21]. This is a striking result, as the moduli
space of SU(2) monopoles seems at first view very different from the moduli space
associated to the abelian monopole equations. Certainly it should be very inter-
esting to have a mathematical understanding of this fact, as well as expressions for
the monopole invariants computed by mathematical methods in order to compare
them to our results.
The picture which emerges from our computation is that non-perturbative
methods in supersymmetric gauge theories are not only an extremely powerfool tool
to obtain topological invariants, but also to relate very different moduli problems
in four-dimensional geometry. Notice that the information about the quantum
moduli space of vacua in [6,7] is obtained integrating out the massive excitations
of the original field theory, in order to obtain low-energy effective descriptions. The
topological information of the twisted, microscopic theories seems to be encoded in
only two parameters of the non-perturbative results: the number of singularities in
the moduli space of vacua (related by an anomaly-free discrete subgroup) and the
number of hypermultiplets becoming massless at these singularities. It seems that
different four-dimensional moduli problems can be in the same “universality class”
when considered from the point of view of the underlying supersymmetric theories.
Therefore, using non-perturbative results in the physical theories, one should be
able to identify truly basic topological invariants characterizing a whole family of
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moduli problems. According to our results, the SU(2) Donaldson invariants and
the SU(2) monopole invariants are both in the same class, which is associated to the
Seiberg-Witten invariants (as the topological information that both give is encoded
in the basic classes of the manifold). In order to explore this kind of behaviour, the
first problem which should be addressed is the analysis of the different topological
field theories which arise from the twisted N = 2 supersymmetric QCD. Conversely,
one could check the predictions of the physical theories by comparing them to
mathematical results. This would give a very fruitfull arena for the interaction of
physics and mathematics which topological field theories have made possible.
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Note added: During the review of this work we have rederived the bulk
structure of the vacuum using non-perturbative N = 1 supersymmetric methods.
We present this analysis in Appendix B. We have also included some details on the
explicit realization of the ρ symmetry in Appendix A.
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APPENDIX A
In this appendix we will make some observations concerning the parity sym-
metry (3.4). As this symmetry is a consequence of the isomorphism between the 2
representation and the 2¯ representation of SU(2), we will construct explicitly this
isomorphism. We will focus on the case Nf = 1, although these considerations
extend inmediately to the general case.
When Nf = 1, in N = 1 language we have a chiral superfield (quark) Qa
transforming in the 2 of SU(2) and another chiral superfield (antiquark) Q˜a trans-
forming in the 2¯. The index a is a color index. Now we can define the fields:
Qˆ1a =Qa,
Qˆ2a =(σ2)abQ˜b,
(A.1)
where σ2 is a Pauli matrix. If U ∈ SU(2), as σ2U∗σ2 = U , the field Qˆ2a transforms
also in the 2. This is an explicit realization of the isomorphism 2 ≃ 2¯. We must
also redefine the chiral superfield Φ, which lives in the adjoint representation, in
the following way:
Φˆ = (σ2)
TΦ.
The new field Φˆ is a symmetric matrix because TrΦ = 0. The N = 2 coupling
Q˜TΦQ is written in terms of the new variables as:
1
2
(Qˆ2aΦˆabQˆ
1
b + Qˆ
1
aΦˆabQˆ
2
b). (A.2)
The N = 2 mass term for the matter fields involves the gauge invariant quantity
X = Q˜aQa, which in the new variables is written in the form,
X = −i(Qˆ22Qˆ11 − Qˆ12Qˆ21). (A.3)
The parity transformation, which interchanges the quark and the antiquark, must
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be properly understood in terms of these variables as,
ρ : Qˆ1 ↔ Qˆ2. (A.4)
As the term (A.2) is invariant under (A.4), this is a symmetry of N = 2 QCD with
massless matter fields. Notice however that the SU(2) singlet X changes its sign
under (A.4), as it is obvious from (A.3). Therefore the N = 2 mass term for the
quark and the antiquark changes its sign accordingly.
Another set of variables which is useful to take into account the ρ symmetry
is the following:
Q1 =
1
2i
(Qˆ1 − Qˆ2),
Q2 =
1
2
(Qˆ1 + Qˆ2).
(A.5)
The N = 2 coupling in these new variables reads as,
Q1ΦˆQ1 +Q2ΦˆQ,
while the singlet X takes the form:
X = 2(Q11Q
2
2 −Q12Q21).
The parity symmetry in terms of these variables is,
Q1 → −Q1,
Q2 → Q2.
(A.6)
Using the variables defined in (A.5) it is easy to see that the flavour symmetry for
the N = 2 QCD with gauge group SU(2) and Nf hypermultiplets is O(2Nf).
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APPENDIX B
In this appendix we will derive the vacuum structure and the pattern of chiral
symmetry breaking of the N = 1 theory with a mass term for the superfield Φ
using the non-perturbative methods developed in [1-5]. This also shows that in
certain conditions exact results for N = 1 theories can be useful in topological
computations.
The N = 1 theory we are interested in is an SU(2) theory with a quark Q,
an antiquark Q˜ and a triplet Φ. Apart from the minimal gauge couplings to
the Yang-Mills field, this theory has a coupling between these three matter fields
coming from the N = 2 supersymmetry (the last two terms in (2.33)) and also
a mass term for Φ given in (2.45). The vacua of this theory can be found as the
minima of the exact superpotential, and to obtain this we can use a technique
developed in [4] and called the “integrating in” procedure. This technique allows
one to obtain the exact superpotential for an “upstairs” theory starting from the
one of a “downstairs” theory. The upstairs theory differs from the downstairs
theory in that it contains an additional matter field. In our case we can take as the
downstairs theory the SU(2) theory with a quark and an antiquark, whose exact
superpotential is known [32, 2], and as the additional field for the upstairs theory
the chiral superfield in the adjoint representation, Φ. To “integrate in” the field Φ
we must consider the gauge-invariant polynomials which include this field. In our
case they are simply,
U = TrΦ2, Z =
√
2Q˜Φ, Q (B.1)
and we must turn on a tree-level superpotential:
Wtree = mU + λZ. (B.2)
The scales Λd of the downstairs theory and Λ of the upstairs theory with the mass
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term in (B.2) are related according to the principle of simple thresholds [4]:
Λ5d = Λ
3m2. (B.3)
The full superpotential of the upstairs theory with the additional tree-level term
(B.2) is given by the principle of linearity [3, 4],
Wf (X,U, Z,Λ
3, m, λ) =Wu(X,U, Z,Λ
3) +mU + λZ, (B.4)
where X is the gauge-invariant polynomial of the downstairs theory, X = Q˜Q,
and Wu is the exact superpotential of the upstairs theory we are looking for. If
we integrate out the field Φ and, correspondingly, the fields U and Z, we obtain a
new superpotential:
Wl(X,Λ
3, m, λ) = Wd(X,Λ
5
d) +WI(X,Λ
3, m, λ). (B.5)
In this equation Wd is the dynamically generated superpotential of the downstairs
theory and is given by,
Wd(X,Λ
5
d) =
Λ5d
X
. (B.6)
In (B.5) WI is an additional term which must be determined using the symme-
tries of the problem together with holomorphy principles and the behaviour of the
superpotential in various limits. The first contribution to this piece comes after
integrating out Φ from Wtree. In this case the result is [5],
Wtree,d = − λ
2
4m
X2.
The upstairs theory has two non-anomalous symmetries which can be used to
constrain the form of WI , following the methods of [1]. The first one is a U(1)
symmetry under which Q, Q˜, Φ, m and λ have charges 2, 2, −1, 2 and −3,
respectively. The other one is a U(1)R symmetry with charges 1, 1, −1, 0 and −3.
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The invariance of the superpotential under these symmetries and the holomorphy
determine the form of WI :
WI =
X2λ2
m
f
(Λ3m3
X3λ2
)
,
where f(u) =
∑∞
n=0 anu
n is an analytic function. Notice that the first term of this
expansion corresponds to Wtree,d. Now, in the m → ∞ limit, only Wd survives,
and this implies that the coefficients an in the expansion of f(u) must be zero for
n > 0. Therefore WI =Wtree,d and the superpotential (B.5) is given by:
Wl(X,Λ
3, m, λ) =
m2Λ3
X
− λ
2
4m
X2. (B.7)
The interesting thing now is that Wl is the Legendre transform of Wu, which can
be obtained from
Wn = Wl(X,Λ
3, m, λ)−mU − λZ, (B.8)
by integrating outm and λ, i.e., by an inverse Legendre transform. The expectation
values of these parameters are:
m =
XU
2Λ3
(
1− Z
2
X2U
)
, λ = − ZU
XΛ3
(
1− Z
2
X2U
)
, (B.9)
and substituting these values in (B.8) one gets the superpotential of the upstairs
theory [5]:
Wu = −XU
2
4Λ3
(
1− Z
2
X2U
)2
. (B.10)
Now we want to obtain the vacua of the N = 2 theory perturbed by the N = 1
mass term for Φ. Because of the principle of linearity, the superpotential of this
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theory is given by (B.10) plus (B.2) with λ = 1 due to N = 2 supersymmetry:
W = −XU
2
4Λ3
(
1− Z
2
X2U
)2
+mU + Z. (B.11)
The equation ∂W/∂X = 0 gives,
Z2
X2U
= −1
3
,
which together with ∂W/∂Z = 0 leads to,
U3 = − 27
256
Λ6. (B.12)
This theory has therefore three vacua, corresponding to the three roots of this
equation. This is in agreement with the results obtained from the N = 2 point of
view. Finally, we have the vacuum expectation value for the field X in these vacua
given by the roots of
X3 =
1
2
m3Λ3. (B.13)
This non-zero vacuum expectation value corresponds to the spontaneous breaking
of the chiral symmetry in (3.10), as it happens in [32]. The subgroup of Z12 which
preserves the vacuum expectation value for the guge invariant order parameter
is precisely (3.11). In this way we have rederived all the results about the bulk
structure of the vacua using non-perturbative methods for N = 1 theories.
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